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Abstract The imaging theory of nonlinear second harmonic generation (SHG) and third
harmonic generation (THG) in confocal microscopy is presented in this paper. The
nonlinear effect of SHG and THG on the imaging properties of confocal microscopy has
been analyzed in detail by the imaging theory. It is proved that the imaging process of
SHG and THG in confocal microscopy, which is different from conventional coherent
imaging or incoherent imaging, can be divided into two different processes of coherent
imaging. The three-dimensional point spread functions (3D-PSF) of SHG and THG
confocal microscopy are derived based on the nonlinear principles of SHG and THG. The
imaging properties of SHG and THG confocal microscopy are discussed in detalil
according to its 3D-PSF. It is shown that the resolution of SHG and THG confocal
microscopy is higher than that of single- and two-photon confocal microscopy.
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It is reported recently that nonlinear optical phenomenon of SHG and THG has
been observed in many biological tissues™®. SHG and THG have been used to perform
the three-dimensional imaging in living tissues and have attracted much attention
recently. There are many advantages of using SHG and THG to perform the three-
dimensional imaging in living tissues, such as noninvasive and no photobleaching, in
addition to the imaging properties of multi-photon fluorescence imaging”%. Firstly,
unlike in the single- and multi-photon fluorescence processes, only virtua states are
involved in harmonic generation that result in no energy deposition and thus no
photodamage or bleaching is expected. Secondly, SHG or THG imaging needs no
fluorescent labels and brings no photobleaching or toxicity. Thus, SHG or THG imaging
isan ideatool for living cell tomography or three-dimensional imaging. Since SHG does
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Imaging theory of SHG & THG in confocal microscopy 9

not occur in optically isotropic media, SHG microscopy was demonstrated in the studies
of SHG crystals and was then applied to biological study, including the study of
membrane potentials tissue polarity. THG microscopy was applied to transparent objects,
and effective THG occurred only in interfaces optical inhomogeneity. With a cubic
dependence, the THG process provides even better intrinsic sectioning resolution than
SHG with the same excitation laser wavelength. In theoretical study, the imaging
principles of two-photon or multi-photon confocal microscopy have been discussed
extensively by many authors™®~*3, however, the imaging properties of SHG and THG
are very different from that of two-photon or multi-photon imaging because of the
difference of their coherence and their generation process. For SHG and THG imaging,
because SHG and THG are coherent, their imaging process can be divided into two
coherent imaging processes. But two- or multi-photon fluorescence is incoherent, their
imaging process is incoherent imaging. In addition, SHG and THG imaging is based on
the spatial distribution of the second-order and the third-order nonlinear susceptibility
(c D(2w) and c @(2w)) of materials. While two- or multi-photon imaging is based on the
spatial distribution of two- or multi-photon absorption coefficient of material. Therefor,
the imaging theory of two- or multi-photon confocal microscopy cannot be used to
describe the imaging property of SHG and THG confocal microscopy. It is necessary to
derive theimaging theory of SHG and THG confocal microscopy.

1 3D-PSF of SHG and THG confocal microscopy

The diagram of SHG and THG confocal microscopy is shown in fig. 1. A laser
beam from a point source is focused to objective plan O by an objective L; and induces
SHG and THG. The SHG and THG are collected by a collecting lens Lo, filtered by a
filter F and detected by a detector D. According to Fourier imaging theory!*®, imaging
properties of an imaging system can be described completely by its 3D-PSF. So, we
must derive the 3D-PSF of SHG and THG confocal microscopy firstly. Accounting for
the nonlinear effect of SHG and THG, the imaging process of SHG and THG is much
more complex than that of conventional linear imaging. Because the complex
amplitudes of SHG and THG are proportional to the square and cube of the complex
amplitude of excitation light, respectively, therefore, the imaging processes of SHG and
THG are neither conventional coherent imaging where the complex amplitude of image
is proportional to that of excitation light, nor incoherent imaging where the intensity of
image is proportional to that of excitation light. What is more important is that SHG and
THG only occurred when the power

S L, O L, F D
density of excitation light reaches a i
threshold. Thus, only within a small ' /(N/{R
focal area where the power density of :
excitation light reaches a threshold can WW

we generate SHG and THG. Outside
this area, the intensity of excitation
light decreased sharply and cannot

Fig. 1. Diagram of SHG and THG confocal microscopy.
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reach the threshold, thus cannot generate SHG and THG. It means that the focal spot of
SHG and THG is smaller than that of the excitation light. In other words, the nonlinear
effect of SHG and THG can sharpen their focal spot themselves. It isinteresting that this
sharpening process is caused by the nonlinear effect of SHG and THG rather than
objective lens. Obvioudly, this sharpening process cannot be described by the
conventional 3D-PSF of objective lens. It is necessary to derive a new 3D-PSF including
the nonlinear effect of SHG and THG.

Generaly, the light source function and the detector function are assumed as plane
function and described by the following function, respectively:

SU,) = Sl iy i) = SUau)d(W),  Sauy)=(r Y= TSR
,0 thers
D) = DU iy 1) = Dy Uiy A1), Dyl == Vs P R

10, others

where, Rs and Ryare the radii of the source and the detector, respectively (in terms of the
optical coordinate). The optical coordinate vectors on different planes of source,

objective and detector are described byu, (Ug,Ug;U;), U,(UgUg,iU,), UgUg Uy, sUy),
and the optical coordinate vectors of SHG and THG on objective planes are
uflug.ug;u® and uBu$,u$;u®, respectively. Considering that the wavelength of

excitation light is twice and triple that of SHG and THG, respectively, the optical
coordinate vectors of excitation light, SHG and THG are asfollows:

Ugy —iﬁxosma uoy—iﬁyosma u, :Ezosm a,
1 1 1
ug =i£xosma =;£xosina =2, ug§=i£yosma=;£y ina =2u
2 1 2 1
ugli:iﬁzosnza:;ﬂzosnza =2u,, ©)
2 1
ucgf:&xosina=$xosina=ajox, ud([;=£yosma=6p y,sha =3

0!

where sina is the numerical aperture of the objective lens, | 1, | 5, | 3 are the wavelengths
of excitation, SHG and THG, respectively. (Xo, Yo, Z,) are the Descartes coordinates on
the objective plane.

In fact, the complex imaging processes of SHG, THG confocal microscopy can be
divided into two simpler processes, and each imaging process can be described by
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coherent imaging or incoherent imaging. The first imaging process is that a point source
S are focused to object O by objective lens L; and induces SHG and THG. The second
imaging process is that SHG and THG generated from the object O are focused to the
detector by a collecting lens L,. According to Fourier imaging theory, the imaging
process from light source to the object plane is a coherent imaging process. So the
complex amplitude distribution of excitation light on the object planeis

Ul(uo) = W(us)ll(uo - us)dusl (4)

where h (U, - u,) isthree-dimensional amplitude point spread function of the objective
lens. According to the principles of nonlinear optics™, the complex amplitude of SHG
is proportional to the sguare of the complex amplitude of excitation light. Thus, the
complex amplitude of SHG is

2

UZ(up - uc9 = @S(us)hl(uo - us)dus xo(up - uc@) ' (5)

where O, - u9 represents the spatial distribution of SHG, which is proportional to
the second order nonlinear susceptibility ¢ ®(2w) of the material. u, is the position

vectors of scanning point. It is obvious that SHG imaging is used to obtain the image of
spatial distribution of the second order nonlinear susceptibility ¢ )(2w) of material.

The second process of SHG imaging, from the object plane to the detector plane, is
aso a coherent imaging process because of coherence of SHG, thus the complex
amplitude distribution of SHG on the detector plane can be expressed as

Usug,u,) = (@@S(US)H(UO - ug)duy| XO(u, - uo@E%(ud -ufdug, (6)
¥ 8« H

where h,(u,-u® is three-dimensional amplitude point spread function of collecting

lens L,. It is obvious that the second imaging process of SHG confocal microscopy is
different from that of two-photon confocal microscopy where the imaging process is
incoherent imaging because of the incoherence of two-photon fluorescence.

Considering that the detector has a definit aperture D(ug), the complex amplitude
distribution of SHG on the detector surface can be expressed as.

U4(up) = @‘} (‘?@Wus)hl(uo - us)dus
¥ T ¥ ¥

2 u (]
X0, - u9uh,(u, - ugl)dugtym(ud)dud

b
= )| GESUIN, - ) DS U)DULY O, -ugadiE (D)
¥ Tl¥ ¥ b

={1SU) A; hu,) F Xh,uHA; DU} A; OU,).
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According to the imaging theory, in a coherent imaging system, the complex amplitude
distribution of image is equal to convolution of the complex amplitude distribution of
object and the point spread function of the imaging system, therefore, the three-
dimensional point spread function of SHG imaging system shown in fig. 1is

Faic ) ={[ISU,) As h (o) FIEh, 9 A, DUy)T}

={[ISW,) As h(u,) F1¥h,(2u,) Ay DUy} - (8)

Eq. (8) is the three-dimensional point spread function of SHG confocal microscopy in
the condition of off-confocal, because the light source and detector have a definit
aperture S(u,) and D(u,), respectively.

Asfor THG imaging, the complex amplitude of THG is proportiona to the cube
of the complex amplitude of excitation light. And the wavelength of THG is one-third
that of excitation light. The optical coordinate of THG is triple that of excitation light.
Thus, the 3D-PSF of THG imaging system can be expressed as:

Froe @) ={[I1SU,) A; h(u,) FIERL LY A, DUy}
={[ISW,) As h(u,) PN, (u,) A, D)l - 9)

For confocal microscopy, the light source and detector are point source and point
detector, respectively, S(u,)=d(u,), Du,)=d(u,). Thus, the 3D-PSF of SHG and
THG confocal microscopy can be derived from egs. (8) and (9) as follows:

2

Faie ) = hy(u,) F Xy (u,) =

@‘ﬁ(x,h)expg- J—Zu(xz +h2)gexp[- (u,x +u h)]dxdh
¥

ﬁ‘j:’z(x,h)exp[— jux® +h*)Jexp[- j(2ux +2u h)]dxdh, (10)

3

Froe(u) =l hu,) P, (u@ =

C‘o‘ﬁ(x,h)expg- J—Zu(xz +h2)§exp[- j(uyx +u h)]dxch
¥

m(x,h)expg— jgu (x* +hz)§exp[— j(Qux +3uh)]dxdh, (12)

where B(x,h) and B,(x,h) are the aperture function of objective L; and collecting
lens L,, respectively.

From egs. (10) and (11), it is obvious that the 3D-PSF of SHG and THG confocal
microscopy is very different from that of two- and three-photon confocal

microscopy!’®*?. The cause is as follows. Firstly, the imaging processes of SHG and
THG in a confocal microscope belong to twice coherent imaging process, due to the
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coherence of SHG and THG. But the imaging processes of two- and three-photon
confocal microscopy are two different imaging processes, the first process is coherent
imaging and the second process is incoherent imaging, due to the incoherence of two-
and three-photon fluorescence. Secondly, the wavelength of SHG and THG is not equa
to that of two- and three-photon fluorescence, respectively. Because the wavelength of
two- and three-photon fluorescence exists red-shift. Finally, SHG and THG images
respond to the spatial distribution of the second-order and the third-order nonlinear
susceptibility of material, ¢ @(2w) and ¢ ®(2w), respectively. But two- and three-photon
fluorescence images respond to the spatial distribution of two- and three-photon
absorption coefficient of material. Because the nonlinear susceptibility and multi-photon
absorption coefficient are different physical quantities, their images respond to different
structures of material. Especially in centrosymmetric material, we cannot obtain its SHG
image due to the second-order nonlinear susceptibility ¢ @(2w) = 0, but we can obtain
its two-photon fluorescence image. In summary, SHG and THG imaging can obtain
different images from multi-photon fluorescence image.

2 The 3D imaging properties of SHG and THG confocal microscopy
2.1 The 2D imaging properties and lateral resolution

The 2D imaging properties and lateral resolution of SHG and THG confoca
microscopy can be derived from egs. (10) and (11). Let the axial coordinate u = 0in eq.
(10), the amplitude 2D-PSF and intensity 2D-PSF of SHG confocal microscopy can
respectively be written as

p 2, N
€23, (Jui +uZ)Y €27 (J4u? +4u’)y
stj’g(ux,uy,O)=P 1( y)u @ 1( y)u (12)

é 2 2 ] @& 2 2 0
§ yui+up § & Jaui+a] |

- 4, 2

€23, (JuZ +u2)U €23 ( J4u? +4uZ)V

|§ﬂ?;(ux,uy,0)=§ 1( : Zy)l:l XE' 1( : zy)l:I , (13)
8 Uy +uy H 8 JAau, +4u; H

where J; is the first order Bessel function. Let the axial coordinate u = 0in eqg. (11), the

amplitude 2D-PSF and intensity 2D-PSF of THG confocal microscopy can respectively
be written as

. 3 N
Foau,,u O)_§2Jl(vuf+uj)3 >§2J1(wa+w5)3 14
THG\ o=y = ™ 4 2.2 (] @& 2 2 0
§ Jui+ul f g Juireul §
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é2J1( u, +uy)l] >(::'2\]1( U, +9Jy)l,J (15)
2
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The numerical plots of egs. (13) and (15) are displayed in fig. 2(a). To compare with
single- and two-photon confocal microscopy and conventional microscopy, the 2D-PSFs
of single-photon, two-photon confocal microscopy and conventional microscopy are
displayed on the same figure. From fig. 2, we can draw the conclusions as follows:
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Fig. 2. The lateral PSF (a) and axial PSF (b). 1, THG; 2, SHG; 3, two-photon; 4, single-photon; 5, conventional
microscopy.

(i) The latera resolution of two-photon confocal microscopy is higher than that of
single-photon confocal microscopy. Because the nonlinear effect of two-photon
transition can sharpen the focal spot of two-photon fluorescence™?.

(ii) The latera resolution of SHG confocal microscopy is higher than that of
two-photon confocal microscopy. Although both SHG and two-photon transition are
second order nonlinear process, the wavelength of SHG is shorter than that of
two-photon fluorescence, which is due to the red-shift of two-photon fluorescence. It is
obvious that the shorter the wavel ength, the higher the resolution.

(iii) The latera resolution of THG confocal microscopy is higher than that of SHG
confocal microscopy. Because the nonlinear order of THG is higher than that of SHG. It
is obvious that the higher the nonlinear order, the higher the resolution.

(iv) Both SHG and THG confoca microscopes have broken through the resolution
limit of Rayleigh’ scriterion. Because the nonlinear effect of SHG and THG can sharpen
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its focal spot, which causes the focal spot of SHG and THG to be smaller than that of
excitation light. The smaller the focal spot, the higher the resolution.

2.2 The property of tomography and depth resolution

The unique advantage of a confocal microscope is its high depth resolution and its
tomography ability. It is shown that SHG and THG confocal microscopes have higher
depth resolution than conventional confocal microscope. Let the lateral coordinate uy = 0,
uy = 0in eg. (10), we can obtain the axial amplitude PSF of SHG confocal microscopy
asfollows:

ésin(u/4) i ésin(u/2) o

Feie (0,0;u) = : 16
= OOZE W HE w2 # 4o
And axia intensity PSF of SHG confocal microscopy is
Jo N 2
12 (0,0;u) _ésin(u/ 4)9 ésin(u/ 2)9 (17)

"8 u/a HE w2 H°

Let the lateral coordinate u, = 0, uy, = 0in eq. (11), we can obtain the axia amplitude
PSF of THG confocal microscopy as follows:

_ésin(u/4)u’ ésin(3u/ 2) U

F5e(0,0u) = ' . 18
And the axial intensity PSF of THG confocal microscopy is

= (0,0,0) = SNU/4) o ésin(3u/2) ¢ 19

THG \M1 Vs

"€ w4 HE a2z §

The numerical plots of egs. (17) and (19) are displayed in fig. 2(b). From fig. 2(b), one
can see that two-photon confocal microscopy has higher depth resolution than
single-photon confocal microscopy, SHG confocal microscopy has higher depth
resolution than two-photon confocal microscopy, and THG confocal microscopy has
higher depth resolution than SHG confocal microscopy.

3 Conclusion

The imaging theory of SHG and THG confocal microscopy is presented. The
nonlinear effect of SHG and THG on the imaging properties of confocal microscopy has
been discussed in detail using the imaging theory. From the imaging theory, we can draw
the following conclusions:

(1) The imaging processes of SHG and THG confocal microscopy are neither
conventional coherent imaging, nor conventional incoherent imaging. It is twice
coherent imaging process. Thus it has different 3D-PSF and imaging property from
multi-photon confocal microscopy.
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(2) The imaging information of SHG and THG is different from that of
multi-photon fluorescence, according to the imaging physical quantity. SHG and THG
images respond to the spatial distribution of the second-order and the third-order
nonlinear susceptibility, c@@w) and c®(2w), respectively. But multi-photon
fluorescent image responds to the spatial distribution of multi-photon absorption
coefficient. Therefore, SHG and THG confocal microscopy is a new imaging tool for
living cell imaging, which can obtain new structural information of cells.

(3) The nonlinear effect of SHG and THG can sharpen the focal spot of SHG and
THG, thus, the focal spots of SHG and THG are smaller than that of excitation light. The
smaler the focal spot, the higher the resolution. Thus SHG and THG confocal
microscopy can break through the resolution limit of Rayleigh’ scriterion and realize
super-resolution imaging.
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